Riemann discovered that any conditionally convergent series of real terms can be rearranged to yield a series which converges to any prescribed number. We shall visit this remarkable fact in this project.
∞ n=1 b n is said to be a rearrangement of a series ∞ n=1 a n if there exists a one to one function f :
is conditionally convergent.
(ii) Given a rearrangement of the above series.
(iii) Let p n denote the nth positive term of
and −q n denote its nth negative term. find p n and q n .
(iv) Explain why ∞ n=1 p n and ∞ n=1 q n are divergent. (v) Let r be any real number and {x n } and {y n } be two real sequences such that x n < y n and y 1 > 0 with lim n→∞ x n = x and lim n→∞ y n = y.
Take just enough positive terms p n so that their sum is greater than y 1 . Then add just enough negative terms q n so that the cumulate sum is less than x 1 . Then add just enough remaining (untaken) positive term p n so that the cumulative sum is greater than y 2 . Then add just enough remaining negative terms q n so that the cumulative sum is less than x 2 . Continue in this way, we will get a rearrangement of ∞ n=1 a n . Use mathematical notations to write down the process just described above.
(vi) Prove that such rearrangement of ∞ n=1 a n converges to r. Remarks:
(i) For any conditionally convergent series, can the above process work, too?
(ii) For absolutely convergent series, any rearrangement will not affect its sum. How above give it a try !
